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We study synchronization of two dissipatively coupled Van der Pol oscillators in the quantum regime. Due to
quantum noise strict frequency locking is absent and is replaced by a crossover from weak to strong frequency
entrainment. We discuss the differences to the behavior of one quantum Van der Pol oscillator subject to an
external drive. Moreover, we describe a possible experimental realization of two coupled quantum van der Pol
oscillators in an optomechanical setting.
I. INTRODUCTION
Synchronization is a ubiquitous phenomenon occurring in
a variety of physical systems consisting of so-called self-
sustained (or limit-cycle) oscillators [1]. The key difference
between a self-sustained oscillator and a coherently driven
system is that the phase of a self-sustained oscillator is not
fixed by the phase of the external drive, so it is free to syn-
chronize.
Different scenarios of synchronization can be considered.
The simplest setting is a limit-cycle oscillator coupled to an
external harmonic drive. With increasing drive strength the
frequency of the limit-cycle oscillator is pulled to the fre-
quency of the drive. If the two frequencies lock together, os-
cillator and drive have a fixed relative phase. A second possi-
ble setting consists of two coupled limit-cycle oscillators. A
third well-studied case is the limit of infinitely many coupled
limit-cycle oscillators with random frequencies, for example,
the Kuramoto model [2, 3] showing non-equilibrium phase
transitions from unsynchronized to synchronized states.
Synchronization in classical nonlinear dynamical systems
has been widely studied and is a well-understood phe-
nomenon. However, the subject of synchronization in the
quantum regime has been considered only recently [4–13].
In the classical case the paradigmatic example for a self-
sustained oscillator is the Van der Pol (VdP) oscillator. This
is a nonlinear dynamical system with two kinds of damping
terms: negative damping which makes the rest position un-
stable and nonlinear damping which in turn limits the motion
of the oscillator to a finite amplitude. Synchronization in the
quantum version of the VdP oscillator subject to an external
harmonic drive has recently been investigated [10, 12]. It was
shown that phase locking [10] and frequency entrainment [12]
survive in the quantum regime, i.e., where the system is close
to its quantum ground-state.
In this paper, we extend our previous study [12] to the
case of two coupled quantum VdP oscillators [13] where we
mainly focus on frequency entrainment. We use the quantum-
mechanical power spectrum to characterize the frequencies
of two dissipatively coupled quantum VdP oscillators and
find that genuine frequency locking is absent in the quantum
regime due to quantum noise. Compared to classical (noise-
less) coupled VdP oscillators the synchronization region is re-
duced. We find regions of strong and weak frequency entrain-
ment between the quantum VdP oscillators depending on the
coupling strength. For detuned, but otherwise identical limit-
cycle oscillators the entrainment behavior as a function of the
coupling is different from the entrainment behavior of an ex-
ternally driven quantum VdP [12]. For non-identical quantum
VdP we show that the oscillator with the smaller limit cycle
changes its frequency faster in response to the coupling.
A particularly promising architecture to study quantum
synchronization are opto- and nanomechanical systems [14].
These systems offer the possibility to engineer nonlinearities
and dissipation and thus to control their dynamics in the quan-
tum regime. A number of experiments on synchronization in
the classical regime have recently been reported with nanome-
chanical systems [15–17].
The paper is organized as follows. In Sec. II we write down
the classical equations of motion for coupled VdP oscillators
in the classical domain and then introduce the model of two
dissipatively coupled quantum VdP oscillators in Sec. III. We
investigate their synchronization in terms of phase locking in
Sec. III A and study frequency entrainment in Sec. III B. In
Sec. IV we discuss a possible realization of our model in the
framework of cavity optomechanical systems and conclude in
Sec. V.
II. TWO COUPLED CLASSICAL VAN DER POL
OSCILLATORS
Let us begin by writing down the equations of motion for
two coupled VdP oscillators [1]
α˙1 = −iω1α1 + γ
(1)
1
2
α1 − γ(1)2 |α1|2α1
+
(
D
2
+ iR
)
(α2 − α1) , (1)
α˙2 = −iω2α2 + γ
(2)
1
2
α2 − γ(2)2 |α2|2α2
+
(
D
2
+ iR
)
(α1 − α2) , (2)
where γ(i)1 and γ
(i)
2 describe negative and nonlinear damping
of the i-th oscillator, respectively. Negative damping makes
rest an unstable fixed point while nonlinear damping limits
the motion of the oscillator to a finite amplitude. The stable
steady-state solution to Eqs. (1) and (2) for R = D = 0 is
a limit cycle with amplitude |αi| = r¯i =
√
γ
(i)
1 /2γ
(i)
2 , i.e.,
the ratio of γ(i)1 /γ
(i)
2 determines the size of the limit cycle.
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2The oscillators have natural (intrinsic) frequencies ω1 and ω2,
respectively. The term proportional to the coupling constant
D (R) describes dissipative (reactive) coupling.
Further insight can be gained if we separate the complex
amplitude αi into modulus and phase, αi = rieiφi ,
r˙1 =
(
γ
(1)
1
2
− γ(1)2 r21
)
r1 +
D
2
(r2 cos θ − r1)
−Rr2 sin θ , (3)
r˙2 =
(
γ
(2)
1
2
− γ(2)2 r22
)
r2 +
D
2
(r1 cos θ − r2)
−Rr1 sin θ , (4)
θ˙ = − (ω2 − ω1) +R
(
r1
r2
− r2
r1
)
cos θ
− D
2
(
r1
r2
+
r2
r1
)
sin θ . (5)
Eqs. (3)-(5) depend only on the relative phase θ = φ2 − φ1.
Synchronization due to dissipative and reactive coupling
is qualitatively different [1, 18]. For example, reactive cou-
pling leads to bistability between in-phase and out-of-phase
synchronization that would complicate our analysis. In the
following we will therefore focus on dissipative coupling and
set R = 0. At small coupling, the dynamics of ri can be
neglected, and Eq. (5) is the Adler equation [19]
θ˙ = −∆− DA
2
sin θ , (6)
where A = (r¯1/r¯2 + r¯2/r¯1) and
∆ = ω2 − ω1 (7)
is the detuning. Frequency locking in this classical noiseless
system will occur for D ≥ 2|∆|/A.
The Adler equation (6) has the same form as the one for
a VdP oscillator subject to an external harmonic drive. The
coupling strength D plays the role of the driving strength, and
the detuning ∆ takes the role of the detuning between the fre-
quency of the VdP oscillator and the external drive.
III. TWO COUPLED QUANTUM VAN DER POL
OSCILLATORS
Two uncoupled quantum VdP oscillators are described by
the master equation (with ~ = 1) [10, 12]
ρ˙ = −i [H0, ρ] +
∑
i=1,2
γ
(i)
1 D[a†i ]ρ+ γ(i)2 D[a2i ]ρ ≡ L0ρ (8)
where H0 =
∑
i=1,2 ωi a
†
iai and the coefficients γ
(i)
1 and
γ
(i)
2 describe negative and nonlinear damping of the i-th os-
cillator, respectively. ai are bosonic annihilation operators,
and D are the usual Lindblad dissipators, D[O]ρ = OρO† −{
O†O, ρ
}
/2. The classical equation of motion for the com-
plex variable αi = 〈ai〉 for the Liouvillian L0 are given by
Eqs. (1) and (2) with R = D = 0. The ratio γ(i)2 /γ
(i)
1 in
the quantum case determines the importance of the discrete
level structure: with increasing nonlinear damping rate γ(i)2
the quantum VdP oscillator is more and more restricted to the
lowest Fock states. In the limit γ(i)2 /γ
(i)
1 → ∞ only the two
lowest Fock states |0〉 and |1〉 are occupied.
Dissipative coupling between the two VdP oscillators is de-
scribed by the dissipator, DD[a1 − a2]ρ, where D > 0 is the
dissipative coupling. Equations (1) and (2) with R = 0 are
the classical equations of motion for the complex amplitude
αi = 〈ai〉 corresponding to the full quantum master equa-
tion [13],
ρ˙ = L0ρ+DD[a1 − a2]ρ . (9)
In the classical case, the sign of the coupling constant D
determines whether the two VdP oscillators synchronize in-
phase (positive D) or out-of-phase (negative D). In the quan-
tum case we have D > 0 and thus expect in-phase synchro-
nization. However, we can write down a slightly different dis-
sipator, DD[a1 + a2]ρ, which for D > 0 results in out-of-
phase synchronization, as we shall see below.
We note that dissipatively coupled quantum VdP oscilla-
tors have recently been studied in Ref. [13] with a focus on
phase locking and the limit γ(i)2 /γ
(i)
1 → ∞. In this paper,
we instead focus on frequency entrainment both in the quan-
tum limit γ(i)2 /γ
(i)
1 → ∞ as well as in the more general case
where the quantum VdP oscillators cannot be approximated
by two-level systems.
A. Steady-state properties
We start by investigating the steady-state properties of the
system by calculating the steady-state density matrix ρ, the
Wigner function W (xi, pi) of each oscillator, and the joint-
probability distribution P (x1, x2) for the positions of the two
oscillators.
1. Steady-state density matrix
Let us first consider the case of equal limit cycles, γ(1)1 =
γ
(2)
1 = γ1 and γ
(1)
2 = γ
(2)
2 = γ2. In the quantum limit
γ2/γ1 →∞, an analytical expression for the steady-state den-
sity matrix can be obtained [13]. For zero coupling D = 0 the
density matrix of the system factorizes, i.e., ρ = ρ1 ⊗ ρ2,
where ρi = diag(2/3, 1/3) is the steady state of the i-th
quantum VdP oscillator [10, 12]. For finite coupling D 6= 0,
the off-diagonal matrix elements 〈01|ρ|01〉 = 〈10|ρ|10〉 and
〈10|ρ|01〉 = 〈01|ρ|10〉∗ become non-zero. In addition, the
ground-state occupation 〈00|ρ|00〉 increases as the dissipative
coupling increases the total damping. However, the two re-
duced density matrices remain diagonal, i.e., the coupling in-
duces only coherence between the two oscillators and not be-
tween the Fock states of one oscillator.
For finite γ2/γ1 the oscillators will occupy Fock states with
n > 1. For a nonzero coupling D 6= 0 off-diagonal matrix
3xi
p
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FIG. 1: Wigner function W (x1, p1) = W (x2, p2) (first row) and joint-probability distribution P (x1, x2) (second and third row) for different
coupling strengths D increasing from left to right. In the second row we show the results for the dissipator D[a1 − a2] and in the third row for
D[a1 + a2]. In all cases γ2/γ1 = 100 and ∆/γ1 = 0.4.
elements other than 〈01|ρ|01〉 start to become important and
contribute to finite coherences 〈a†1a2〉 6= 0.
2. Steady-state Wigner function
The Wigner function of the i-th oscillator is given by
W (xi, pi) =
∫
dy
2pi
e−ipiy
〈
xi +
y
2
∣∣∣ ρi ∣∣∣xi − y
2
〉
, (10)
where ρi is the reduced (steady-state) density matrix of oscil-
lator i. The Wigner function is a quasi-probability distribu-
tion, i.e., it can become negative. We also calculate the joint-
probability distribution P (x1, x2) for the position variables x1
and x2 of the two oscillators
P (x1, x2) = 〈x1, x2| ρ |x1, x2〉 (11)
which is a probability distribution and non-negative.
In Fig. 1 we show the Wigner function W (x1, p1) and the
joint-probability distribution P (x1, x2) for different coupling
strengths D. For zero coupling D = 0 the density matrix
of the system factorizes and the joint-probability distribution
becomes P (x1, x2) = 〈x1| ρ1 |x1〉 〈x2| ρ2 |x2〉. The Wigner
function of both oscillators has a ring shape, i.e., the system
has a finite amplitude while the phase of this oscillation is
undetermined. This is reminiscent of a classical limit cycle
where the amplitude is fixed but the phase is free. As the
coupling increases the weight of the joint-probability distribu-
tion P (x1, x2) becomes gradually concentrated near the line
x1 = x2. This indicates the build up of correlations between
the motion of two VdP oscillators: the stronger the coupling,
the more closely the oscillators are moving together. This pic-
ture compares well with the phase-space behavior of the clas-
sical system: below the synchronization threshold the limit
cycle of two coupled VdP oscillators is a “Lissajous figure”
in the x1 − x2 plane while the synchronized limit-cycle fea-
tures a line in the x1 − x2 plane. We note that the Wigner
function W (xi, pi) remains rotationally symmetric indicating
that there is no build-up of coherence between the Fock states
of each oscillator and that the reduced density matrix remains
diagonal. We also note that as we increase the dissipative cou-
pling D, the Wigner function W (xi, pi) eventually turns from
ring shape to a Gaussian centered at the origin due to the ad-
ditional linear damping.
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FIG. 2: Spectra S11(ω) (solid) and S22(ω) (dashed) for different
coupling strengths D and for γ2/γ1 → ∞ and ∆/γ1 = 0.2. Inset:
Observed frequencies ω˜1 and ω˜2 as a function of coupling strength
D.
B. Frequency entrainment
We have already seen that the joint-probability distribution
P (x1, x2) gives a first hint on synchronization. Now we will
study the frequencies in the power spectra and see how they
behave as the coupling is turned on. This gives us the pos-
sibility to characterize synchronization in terms of observed
frequencies and their entrainment.
1. The spectrum
The uncoupled self-sustained VdP oscillators are character-
ized by their unperturbed frequencies, ω1 and ω2. A non-zero
coupling between the two systems affects the frequency of
each oscillator. These new frequencies are called observed
frequencies denoted ω˜1 and ω˜2. With increasing coupling
strength D between the two oscillators, the initially different
frequencies approach each other.
To investigate this frequency entrainment in the case of two
coupled quantum VdP oscillators, we identify the observed
frequencies as the frequency of the maximum in the quantum-
mechanical power spectrum
Sii(ω) =
∫ ∞
−∞
dt eiωt 〈a†i (t)ai (0)〉 , (12)
where 〈·〉 denotes the average with respect to the full quantum-
mechanical steady-state density matrix.
For equal VdP oscillators γ(1)1,2 = γ
(2)
1,2 = γ1,2 and in the
quantum limit γ2/γ1 → ∞ where only the two lowest Fock
states of each oscillator are occupied we can solve for the
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FIG. 3: Observed detuning ∆obs = |ω˜2 − ω˜1| as a function of the
initial detuning ∆ = |ω2−ω1| for various coupling strengths D and
γ2/γ1 → ∞. Increasing the coupling strength leads to frequency
entrainment of the two quantum VdP oscillators. A well-defined syn-
chronization plateau as one would expect for classical noiseless VdP
oscillators is absent due to the unavoidable quantum noise.
steady state, cf. Ref. [13]. The equations of motions for the
density-matrix elements, together with the quantum regres-
sion theorem, allow us to calculate the spectra Sii(ω) analyt-
ically (the expression is too lengthy to be displayed here). In
the general case of finite γ2/γ1, we resort to a numerical so-
lution of the quantum master equation (9).
Having obtained an analytical expression for the spectra
Sii(ω), we can investigate the limit D → ∞. We find that
in this limit the spectra of the two oscillators become identical
and are given by
S∞11(ω) = S
∞
22(ω) =
1
8
5
2γ1(
5
2γ1
)2
+
(
ω + 12 (ω1 + ω2)
)2 .
(13)
This means that forD →∞ the oscillators approach the mean
of their unperturbed frequencies 12 (ω1 + ω2).
In Fig. 2 we show as a generic example the spectra in the
limit γ2/γ1 → ∞ for a fixed initial detuning ∆/γ1 = 0.2
and for different coupling strengths D. With increasing cou-
pling the height of the spectral peak decreases and the spectra
become slightly broader. The inset in Fig. 2 shows that with
increasing coupling strength D the observed frequencies ω˜1
and ω˜2 approach 12 (ω1 + ω2) symmetrically.
2. Frequency entrainment of identical limit-cycle oscillators in the
quantum limit
In Fig. 3 we plot the observed detuning ∆obs = |ω˜2 − ω˜1|
over a wide range of values of the initial detuning ∆ = |ω2 −
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FIG. 4: Observed detuning ∆obs as a function of the coupling
strength D for fixed initial detuning ∆/γ1 = 0.1 and different
γ2/γ1. For increasing coupling D a steplike crossover from weak
to strong entrainment is observed. Upper inset: Zoom-in for large
D. The entrainment decreases with increasing γ2/γ1 for arbitrary
D. Lower inset: Observed detuning ∆obs for γ2/γ1 → ∞ goes to
zero like ∆(D/γ1)−2.
ω1| for different coupling strengths D. Without coupling the
observed detuning ∆obs coincides with the initial detuning ∆.
Increasing the coupling leads to frequency entrainment. We
observe two regimes: for D  ∆ we see strong entrainment,
while forD  ∆ the observed detuning approaches the initial
detuning. The inset is a zoom-in at small detunings showing
the synchronization plateau of the classical noiseless system
is destroyed by quantum noise.
From Fig. 3 we already see that stronger coupling leads to
stronger entrainment. To investigate this further, we show in
Fig. 4 the observed detuning ∆obs as a function of the coupling
strength D for a fixed detuning ∆/γ1 and different values of
γ2/γ1. We observe a steplike crossover from weak to strong
entrainment with increasing coupling strengthD. This behav-
ior is similar to what was observed in our previous study of
an externally driven quantum VdP oscillator [12] where the
coupling strength D takes over the role of the external driving
strength. In the limit γ2/γ1 → ∞ for large coupling strength
D, the observed detuning ∆obs vanishes like ∆(D/γ1)−2, see
the lower inset in Fig. 4. In contrast to our previous study [12],
in the present case larger nonlinear damping rates γ2 reduce
the entrainment above as well as and below the crossover.
3. Frequency entrainment of non-identical limit-cycle oscillators
in the quantum limit
Up to now, we have restricted our attention to detuned but
otherwise identical oscillators. In the following we investi-
gate frequency entrainment between two non-identical quan-
tum VdP oscillators that differ in their damping parameters:
(i) the oscillators can have different limit-cycle radii, i.e.,
γ
(1)
1 /γ
(1)
2 6= γ(2)1 /γ(2)2 or (ii) they can have different nega-
tive damping rates γ(1)1 6= γ(2)1 determining the relaxation rate
to the limit cycle.
In Fig. 5 we show the observed frequencies ω˜1 and ω˜2 for
non-identical oscillators as a function of the coupling strength
D. In the limit D → ∞, ω˜1 and ω˜2 still approach the mean
of the unperturbed frequencies 12 (ω1 + ω2). However, in case
(ii) the VdP oscillator with the smaller limit cycle reacts much
faster than the oscillator with a larger limit cycle. This can
be understood from the classical equations of motion for the
phases of the two VdP oscillators
φ˙1 = −ω1 + D
2
r2
r1
sin(φ2 − φ1) , (14)
φ˙2 = −ω2 − D
2
r1
r2
sin(φ2 − φ1) . (15)
For r1 > r2, the prefactor of the coupling term in Eq. (14) is
decreased as compared to the prefactor in Eq. (15). In case of
different negative damping rates γ(1)1 6= γ(2)1 but equal limit
cycles γ(1)1 /γ
(1)
2 = γ
(2)
1 /γ
(2)
2 the oscillator with a larger neg-
ative damping rate changes its frequency much faster than the
oscillator with a smaller negative damping rate.
IV. EXPERIMENTAL REALIZATIONWITH A CAVITY
OPTOMECHANICAL SYSTEM
Finally, we propose how to realize dissipatively coupled
VdP oscillators with a cavity optomechanical system [14].
In a first step, a single VdP oscillator, i.e. the two dissipa-
tors D[a†i ] and D[a2i ] in Eq. (8), can be realized within a so-
called “membrane-in-the-middle” setup [20], where a mov-
able membrane is placed inside a Fabry-Pe´rot cavity. If the
membrane is positioned at a node or anti-node of the cavity
field, the frequency of the cavity mode is parametrically mod-
ulated by the position squared of the mechanical oscillator.
This quadratic optomechanical coupling can be used to induce
two-phonon absorption and emission processes [21]. Driving
the cavity with a laser detuned to the red two-phonon sideband
leads to nonlinear damping, i.e., the dissipator D[a2i ]. With
linear optomechanical coupling to another cavity mode that is
driven by a laser on the blue one-phonon sideband, we can
then induce the negative damping, i.e., the dissipator D[a†i ].
In a second step, the two mechanical VdP oscillators can
be coupled dissipatively via an additional cavity. (A similar
scheme has been proposed in Ref. [22].) Starting with the
master equation (8) we add a cavity mode c that is coupled
linearly to both VdP oscillators and driven with a laser at fre-
quency ωp. The total Hamiltonian is given by
Htot = ωcc
†c + ηe−iωptc† + η∗eiωptc (16)
+
∑
i=1,2
ωi a
†
iai + gic
†c(ai + a
†
i ) ,
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FIG. 5: Observed frequencies (ω˜1 − ω1)/γ1 (full lines) and (ω˜2 − ω1)/γ1 (dashed lines) as a function of the coupling strength D for
non-identical VdP oscillators: (a) for different limit-cycle radii γ(1)1 /γ
(1)
2 6= γ(2)1 /γ(2)2 , but equal negative damping parameters γ(1)1 = γ(2)1 ,
(b) is a zoom-in for frequencies close to the mean of the unperturbed frequencies, and (c) for equal limit-cycle radii γ(1)1 /γ
(1)
2 = γ
(2)
1 /γ
(2)
2 ,
but different negative damping parameters γ(1)1 6= γ(2)1 . The initial detuning in all cases is ∆/γ(1)1 = 0.1.
where ωc is the cavity frequency, gi are the single-photon op-
tomechanical coupling strengths, and η the driving strength of
the laser. Next, we eliminate the time dependence by going
into a frame rotating with the laser frequency, we displace the
cavity field, i.e., c→ c¯+ c with c¯ = 〈c〉, and assuming small
single-photon optomechanical coupling we neglect nonlinear
terms. This gives
Htot = −∆cc†c +
∑
i=1,2
ωi a
†
iai +Gi(c+ c
†)(ai + a
†
i ) ,
(17)
where we introduced the cavity detuning ∆c = ωp − ωc and
the many-photon optomechanical coupling strengthGi = gic¯.
The density operator χ = ρc ⊗ ρ of the total system satisfies
the following master equation
χ˙ = −i [Htot, χ] + κD[c]χ+
∑
i=1,2
γ
(i)
1 D[a†i ]χ+ γ(i)2 D[a2i ]χ ,
(18)
where κ is the cavity dissipation rate. In the limit ωi  κ 
Gi, γ
(i)
1 , γ
(i)
2 the cavity mode c can be adiabatically elimi-
nated. The resulting reduced master equation reads
ρ˙ =
∑
i=1,2
−i
[
ωi a
†
iai , ρ
]
+ γ
(i)
1 D[a†i ]ρ+ γ(i)2 D[a2i ]ρ (19)
+
∑
i=1,2
G2i
[
− a
†
iaiρ− aiρa†i
κ/2− i(∆c + ωi) +
aiρa
†
i − ρa†iai
κ/2 + i(∆c + ωi)
− aia
†
iρ− a†iρai
κ/2− i(∆c − ωi) +
a†iρaiρ− ρaia†i
κ/2 + i(∆c − ωi)
]
+G1G2
[
− a
†
1a2ρ− a2ρa†1
κ/2− i(∆c + ω2) +
a1ρa
†
2 − ρa†2a1
κ/2 + i(∆c + ω2)
− a1a
†
2ρ− a†2ρa1
κ/2− i(∆c − ω2) +
a†1ρa2ρ− ρa2a†1
κ/2 + i(∆c − ω2)
]
+G1G2
[
1↔ 2
]
,
where we dropped the off-resonant terms by employing a ro-
tating wave approximation (ω1 ≈ ω2). Adjusting the detun-
ing ∆c we engineer the desired dissipative coupling between
the two mechanical oscillators by choosing G1 = G2 and
∆c ≈ −ω1,2. The master equation (19) then becomes
ρ˙ =
∑
i=1,2
−i
[
ωi a
†
iai , ρ
]
+ γ
(i)
1 D[a†i ]ρ+ γ(i)2 D[a2i ]ρ (20)
+
4G2
κ
D[a1 + a2]ρ .
This corresponds to Eq. (9) with D = 4G2/κ. Here, the
coupling between the VdP oscillators is given by the dissi-
pator D[a1 + a2] which leads to out-of-phase synchroniza-
tion, cf. Fig. 1. The dissipator D[a1 − a2] can be obtained for
G1 = G and G2 = −G.
V. CONCLUSION
In this paper, we have investigated synchronization of two
dissipatively coupled Van der Pol oscillators in the quantum
regime. After a discussion of the classical and quantum equa-
tions of motion, we have calculated the steady-state proper-
ties of the system. We have used the quantum-mechanical
power spectrum to calculate the observed frequencies and the
frequency entrainment of the two oscillators. Intrinsic quan-
tum noise prevents strict frequency locking and leads to a
crossover from weak to strong frequency entrainment, i.e., ap-
proximate synchronization at large coupling strengths. In the
extreme quantum limit (nonlinear damping parameter much
larger than negative damping parameter) analytical expres-
sions can be obtained. Finally, we have presented a proposal
for a possible realization of a synchronization experiment of
two dissipatively coupled self-sustained oscillators in an op-
tomechanical setup.
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